Recently, it was shown that surface electromagnetic waves at interfaces between continuous homogeneous media (e.g., surface plasmon-polaritons at metal-dielectric interfaces) have a topological origin [K.Y. Bliokh et al., Nat. Commun. 10, 580 (2019)]. This is explained by the nontrivial topology of the non-Hermitian photon helicity operator in the Weyl-like representation of Maxwell equations. Here we analyze another type of classical waves: longitudinal acoustic waves corresponding to spinless phonons. We show that surface acoustic waves, which appear at interfaces between media with opposite-sign densities, can be explained by similar topological features and the bulk-boundary correspondence. However, in contrast to photons, the topological properties of sound waves originate from the non-Hermitian fourmomentum operator in the Klein-Gordon representation of acoustic fields.
Introduction
Maxwell electromagnetism, elasticity, and acoustics describe various classical waves via different types of wave equations [1] [2] [3] . Analogies between these waves are very fruitful and repeatedly resulted in the mutual export of ideas between optics and acoustics. To name a few, acoustic crystals/metamaterials [4] [5] [6] [7] , vortex beams [8] [9] [10] , and topological systems [11] [12] [13] [14] were developed in parallel with their optical counterparts [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] and attracted great attention in the past decades.
Surface waves at interfaces between continuous media, such as surface plasmonpolaritons, are highly important for modern optics [16] [17] [18] [28] [29] [30] [31] . However, there are only few works analyzing acoustic analogues of such waves [32] [33] [34] . The reason for this is that such waves (for linear longitudinal sound fields) appear only at interfaces with negative-density media, i.e., acoustic metamaterials [6, 7] . Surface electromagnetic waves also require media with negative parameters (permittivity or permeability), but there are natural media with such parameters: e.g., metals. Nonetheless, here we explore the fundamental origin of surface acoustic modes, and show that this reveals nontrivial intrinsic properties of the acoustic wave equations.
Surface modes are particularly important in the context of topological quantum or classical-wave systems, which are currently attracting enormous attention [26, 27, [35] [36] [37] [38] . Indeed, the topological approach provides a direct link between the nontrivial intrinsic properties of the bulk Hamiltonian and the appearance of surface modes at interfaces between topologicallydifferent media.
Recently we have shown [39] that electromagnetic surface waves and their domains of existence can be explained by the fundamental topological origin and the bulk-boundary correspondence. Namely, analyzing the relativistic Weyl-like form of Maxwell equations, one can see that the photon helicity operator: (i) is generally non-Hermitian and (ii) has a nontrivial topological structure involving two medium parameters: the permittivity ε and permeability µ . According to this approach, the helicity eigenvalues experience discrete rotations in the complex plane, described by the topological bulk indices w = 1 2 1− sgn ε ( ) ,1− sgn µ ( ) ⎡ ⎣ ⎤ ⎦ , and the difference of these ! 2 indices between the two media provide the number of surface electromagnetic modes (one/two modes when one/two indices change), Fig. 1(a) . Notably, the equations for sound waves in fluids or gases also have a form similar to Maxwell equations and also involve two medium parameters: the density ρ and compressibility β . Many electromagnetic and acoustic quantities (e.g., the energy density, energy flux density, etc.) have similar forms described by the substitution of the Maxwell (electric, magnetic) and acoustic (velocity, pressure) fields: E,H ( ) ↔ v, P ( ) , as well as the medium parameters: [34, 40] . However, surprisingly, surface acoustic waves exist only at interfaces with negative-ρ (but not negative-β !) media [32] [33] [34] , Fig. 1(b) . This breaks the symmetry between acoustic and Maxwell equations.
In this paper, we explain this enigmatic property by revealing the fundamental topological origin of surface acoustic waves. Akin to the Maxwell case [39] , this requires representing the equations of acoustics in the fundamental field-theory form. However, since phonons are spinless particles, this corresoonds to the Klein-Gordon (KG) rather than the Weyl equation. Remarkably, we find that the phonon four-momentum operator in the Klein-Gordon equation is generally non-Hermitian, and it provides a single ! 2 topological bulk index determined by sgn ρ ( ) . According to their non-Hermitian origin, surface waves are also generally nonHermitian, i.e., can have either real or imaginary frequency and propagation constant. [39] ( ε r and µ r are the relative permittivity and permeability of the two media), while the acoustic one is described by the topological ! 2 index (10) and bulk-boundary correspondence (11).
Klein-Gordon form of acoustic wave equations
We start with the acoustic wave equations for the real-valued pressure, P r,t ( ) , and velocity, v r,t ( ), fields [3] :
These equations obey an acoustic analogue of the electromagnetic Poynting theorem:
are the acoustic energy density and energy flux density, respectively. On the one hand, Eqs. (1) describe vector waves, characterized by one scalar (pressure) and one vector (velocity) fields. These scalar and vector degrees of freedom are equally important, as can be seen from their symmetric contributions to the conserved quantities (2) . In quantum-like terminology, one can say that acoustic waves are described by the four-component "wavefunction"
On the other hand, the acoustic waves are longitudinal waves, which correspond to spinless quantum particles: phonons. It is known from field theory that spinless particles are described by a single scalar field and the KG equation.
The vector acoustic theory can indeed be reduced to the KG description using a single scalar field ψ . We employ the standard KG field
is the squared speed of sound. The equation of motion, energy density, and energy flux density for this Lagrangian read [41] :
Comparing the vector acoustic equations (1) and (2) with the scalar KG equations (3) and (4), we find that these are equivalent, when the vector and scalar representations are related by P = − ρ ∂ t ψ and v = 1/ ρ ( ) ∇ψ . Thus, the KG wavefunction is similar to the scalar velocity potential ϕ , v = ∇ϕ , widely used in acoustics [3] , but the pre-factors involving ρ will play a crucial role in our theory below.
To provide an elegant representation of the KG formalism, we introduce "four-vectors" (1) are not relativistic and Lorentzcovariant, but using the relativistic formalism, natural for the KG equation, facilitates the consideration. To describe scalar and three-vector properties, we introduce the following bilinear operations for four-vectors:
The first operation (5) is a scalar product modified by the scaling coefficients β and ρ , to provide the correct dimensionality, while the second operation is a "cross-product", which produces a three-vector (note that a
Using these notations, the KG equation and the relation between the KG wavefunction and physical fields can be written as:
Here, the operator p should be associated with the four-momentum in the problem. Equations of motion (1) also take a very laconic form:
Here the first equation is obtained from Eqs. (6) and (7), while the second equation is a consequence of Eq. (7) and p µ ⊗ p µ = 0 . Thus, the acoustic KG equation (6) uses only the first equation of motion (1), while the second equation of motion (yielding ∇ × v = 0 ) follows from the definitions ( v ∝ ∇ψ ). This is similar to the Weyl-like form of Maxwell equations, where equations ∇ ⋅E = 0 and ∇ ⋅ H = 0 are not used [39] . Finally, the acoustic energy density and energy flux, Eqs. (2) and (4), also take simple forms:
Equations (3)- (9) provide the KG representation of acoustic equations (1) and (2), both in terms of the scalar KG wavefunction ψ and vector wavefunction Ψ µ involving real physical fields. Both of these are important, because the real physical fields P,v ( ) determine the boundary conditions (i.e., the corresponding components are continuous at interfaces), while the KG wavefunction ψ provides the fundamental field-theory representation of the problem. One can see that Eqs. (3)- (9) are not relativistic-invariant, because the only relativistic-invariant fourvector equations in the Klein-Gordon problem are [41] :
where m is the mass, which obviously differs from Eqs. (6)- (8).
Topological non-Hermitian origin of surface modes
The most remarkable feature of the above formalism is contained in Eq. (7). Namely, while all other equations are fairly symmetric with respect to the ρ and β parameters, the fourmomentum operator p µ involves only the density ρ but not the compressibility β . This operator is the key operator in the KG formalism, and it is this operator (rather than the "Hamiltonian" p µ ip µ ) which should be considered for the topological classification of acoustic media.
Remarkably, the four-momentum operator is generally non-Hermitian, because in negative density media, ρ < 0 , it has purely imaginary eigenvalues. In complete analogy with the nonHermitian helicity operator for photons [39, 42] , the p µ operator is singular at ρ = 0 , which separates topologically-different phases with real ( ρ > 0 ) and imaginary ( ρ < 0 ) eigenvalues.
Hence, entirely similar to [39] , one can introduce the ! 2 topological bulk invariant for acoustic media:
According to the bulk-boundary correspondence, an interface between media "1" and "2" supports N surface modes, where
where ρ r = ρ 2 / ρ 1 is the relative density of the media. This means that there is a single surface acoustic mode at interfaces with sgn ρ r ( ) = −1 and no surface modes at interfaces with sgn ρ r ( ) = 1, as shown in Fig. 1(b) . Note that these findings are in agreement with a number of recent results on the topological properties of non-Hermitian systems [43] [44] [45] [46] , which show that topological transitions occur at exceptional points where the spectrum of the non-Hermitian operator changes from real to imaginary. The only principal difference here vis that most of the previous studies considered non-Hermitian Hamiltonian operators, while here, similar to [39] , we use another key operator, the four-momentum of phonons. An important feature of the non-Hermitian topological approach is that the surface modes are also generally non-Hermitian. This means that these can have complex (actually, either real or imaginary) frequencies and/or propagation constants. We will refer to surface modes with real and imaginary frequency/propagation characteristics as propagating and evanescent surface waves, respectively. For a planar interface between two media, the parameters of the surface acoustic mode are determined by the following equations [32, 34] :
where κ 1,2 > 0 are the spatial-decay (away from the interface) constants in the two media, ω surf and k surf are the frequency and propagation constant of the surface wave, c 1 = 1/ ρ 1 β 1 is the speed of sound in the first medium, and β r = β 2 / β 1 is the relative compressibility. Equation (12) requires ρ r < 0 , which is exactly the topological condition (10) and (11). This condition determines the domain of existence of the surface mode, Fig. 1(b) , which is robust (topologically protected) and independent of the shape of the interface. Note that Eq. (12) actually follows from the second equation (1) Indeed, in lossless media, the frequency spectrum must be symmetric with respect to the Reω axis, but exponentially-growing solutions with Imω > 0 cannot exist in systems without gain. Nonetheless, these solutions are formally present in the acoustic equations for monochromatic fields v r,t Such modes can occur at interfaces between two non-transparent media with opposite-sign densities and compressibilities: c 1,2 2 < 0 , ρ r < 0 , β r < 0 . < 0 ) first medium. The light-blue zones correspond to the usual case of propagating surface modes with real frequency and propagation constant [34] . The separation of the propagating and evanescent surface-wave zones is not robust (topologically protected) and can vary with properties of the interface: its shape, dispersion of the media, etc.
It should be emphasized that here we deal with an idealized situation of lossless and nondispersive media. In reality, negative parameters, necessary for the appearance of surface modes, can be achieved only in acoustic metamaterials, i.e., dispersive media. This also leads to inevitable presence of losses. Therefore, real physical systems with surface modes should be described by a complex frequency-dependent density ρ ω ( ) and compressibility β ω ( ) . In many cases, the diagrams obtained for lossless non-dispersive media are sufficient to obtain the main properties of surface modes, such as surface plasmon-polaritons [28] [29] [30] [31] . However, the general consideration of topological properties of non-Hermitian surface modes in dispersive absorptive media is an open challenging problem, both in electromagnetism and acoustics. One can expect that dispersion and losses will modify the picture of propagating and evanescent surface modes, Fig. 2 , but not the main topological features, Fig. 1(b) and Eqs. (10),(11).
Discussion
We have shown that equations for acoustic waves in fluids or gases allow the relativisticlike Klein-Gordon representation. This representation breaks the symmetry between the pressure and velocity degrees of freedom and is characterized by the nontrivial "four-momentum" operator. Importantly, in contrast to other fundamental quantities, this operator depends only on one parameter (density ρ but not compressibility β ), and it is generally non-Hermitian. The ρ = 0 point splits the parameter space into two topologically-different phases with real ( ρ > 0 ) and imaginary ( ρ < 0 ) four-momentum eigenvalues. This allows one to introduce the ! 2 bulk topological index (10), the bulk-boundary correspondence (11) , and reveals the topological origin of acoustic surface waves (analogues of surface plasmon-polaritons in electromagnetism), Fig. 1(b) . Remarkably, the non-Hermitian nature of the four-momentum operator leads to nonHermitian surface modes, which can have either real or imaginary frequencies and/or propagation constants. This further splits the simple phase diagram Fig. 1(b) into zones of propagating and evanescent surface modes, Fig. 2 . However, this splitting is not topologically protected and can vary with the shape of interface and other perturbations.
This work explains the fundamental origin of acoustic surface waves, which is present already in the simplest case of nondispersive and lossless media. However, in practice, negative medium parameters can be achieved only in dispersive, and therefore lossy, metamaterials. This can modify the presented picture, particularly the non-Hermitian diagrams Fig. 2 . Hence, generalizing the above approach to dispersive lossy media is an important task for future studies, both in acoustics and electromagnetism. Comparison of acoustic and electromagnetic surface waves provides insights for both theories, highlighting their similarities and distinctions. Both electromagnetic and acoustic equations can be presented in the form of relativistic wave equations: the Weyl and Klein-Gordon ones. Furthermore, the main operators of these equations, helicity and four-momentum, are non-Hermitian and their topological phases determine the phase diagrams of surface modes, Fig. 1 . There is one more classical wave theory: elasticity. It combines features of acoustics and electromagnetism, because there are both longitudinal (sound) and transverse (shear, photon-like) modes. Constructing the topological theory for elastic waves is another important and challenging problem.
SUPPLEMENTAL MATERIAL:

Comparison with the Weyl representation of Maxwell equations
To highlight the similarities and differences between the topological Klein-Gordon (KG) approach to acoustics and its electromagnetic counterpart [39] , here we describe the Weyl representation and topological features of Maxwell equations in forms similar to the acoustic equations of the main text.
We start with Maxwell equations in a homogeneous isotropic lossless medium [1] :
Introducing the "wavefunction" consisting of real physical fields, Ψ = E,H ( ) T , the first two Eqs. (S1) can be written as [39] 
where p = −i∇ is the canonical momentum operator, Ŝ are the spin-1 matrices, which act on the three-vector degrees of freedom such that Ŝ ⋅p = ∇ × , the speed of light in vacuum is assumed to be c 0 = 1, and
is the matrix with the medium parameters which acts on the "electric-magnetic" degrees of freedom, i.e., intermixes the electric and magnetic fields. Akin to Eqs. (5) in the main text, we introduce the scalar and "cross" products for this 6-component wavefunction Ψ producing scalars and three-vectors, respectively:
Using these definitions, the electromagnetic energy density and energy flux density (the Poynting vector) take the forms of Eqs. (9):
The approach of Ref. [39] is based on the helicity operator, which for monochromatic fields ( ∂/ ∂t → −iω ) and using Eq. (S2) can be written as
Here, the dispersion relation p = n ω was used, whereas n = εµ is the refractive index of the medium. To distinguish the four different types of media, corresponding to the four quadrants of the parameter ε,µ ( ) space, we adopt the natural convention that the phase of the εµ grows
